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Abstract—The paper investigates the three dimensional problem of wave propagation in generalized magneto thermoelastic

medium. The eigenvalue approach is adopted to solve the vector matrix differential equation which represents the equation

of motion for the generalized thermoelastic materials. Components of displacements and temperature field are analyzed

theoretically and computed numerically with the help of appropriate boundary conditions. The effect of magnetic and

relaxation time on the propagation of waves are critically examined.
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INTRODUCTION

The theory of thermoelasticity has many applications in
various fields. Biot (1956) investigated the first paradox
relating to the decoupling of deformation field of an elastic
metarial with the temperature field. The contradiction of the
infinite speed of the thermal wave was solved by Lord and
Shulman (1967) in their generalized thermoelastic theory.
Dhaiwal and Sherief (1980) derived the variation principle
and uniqueness theorem for the generalized anisotropic
thermoelastic material. Several authors, such as Puri (1973),
Paria (1966) and Ezzat and Youssef (2005) contributed
to the development of generalized thermoelastic theory.
Youssef (2005) studied the generalized thermoelasticity
of an infinite body with a cylindrical cavity and variable
material properties. Wang and Dai (2004) introduced a
theoretical method to analyse the magnetothermoelastic
responses and perturbation of the magnetic field in
the orthotropic thermoelastic cylinder subjected to
thermal shock.

Zorammuana and Singh (2016) investigated the problem
of elastic wave at a plane free boundary of thermoelastic
saturated porous half-space and obtained the amplitude and
energy ratios of the reflected waves. Abbas (2012) discussed
the transient phenomena in the magneto-thermoelastic
model in the context of the Lord and Shulman theory in a
perfectly conducting medium. Some interesting problems of
wave and vibration can be seen in (Abbas, 2013; Abbas et al.,
2012; Abbas and Othman, 2012 and Dhaliwal et al., 1980).

The analysis of three dimensional thermoelastic problem
has been found relatively less attention due to complicated
form of the solution. Here, in this paper, we obtain the
components of displacement theoretically and numerically
using eigenvalue approaches for the generalized magneto
thermoelastic medium. The equation of motion for such
medium are derived using Maxwell's equations and
modified Ohm’s law. The numerical results are plotted to
see the effects of thermal relaxation time and magnetic field.
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Table 1: Nomenclature.

Symbols Symbols
A, 1 Lamé constants p density
C, specific heat t time
T absolute temperature T, reference temperature
; strain tensor u displacement vector
k, thermal conductivity J current density vector
L, magnetic permeability oy stress tensor
T relaxation time e cubical dilatation
o, linear thermal expansion H magnetic intensity
H, initial magnetic field D electric displacement
E induced electric field h induced magnetic field
o, electric conductivity B magnetic inductance vector
3, Kronecker’s delta y (3X + 2u)(x T
2
c u/p c, uoH; /p
, (n+2)/p , v/p
BASIC EQUATIONS
The equation of motion in the absence of body force and heat 10H, 10H, av du dHy,
source for linearly homogeneous magneto thermoelastic Z s9x o ay + Holy FriL Hy ac Mo

materials are
oij; + JXB); = pt, €

The Maxwell’s equations for homogeneous, thermally and
electrically conducting elastic solid are given by

curl H=], curlE = fz—f, divB =0, B = poH. (2)
The modified Ohm’s law for finite conductivity is

a
J=o[E+ (% x B)] 3)

IfH = (Hy, Hy, 0), E = (Ex,E,, 0) and u = (u, v, w) in Eqs.(2)
and (3), we get

a8s. . OE; DBy Sy 0E; OB

- ¥
. —X — 4
Ho 75 ay oz’ M0t ax 9z’ )
where
_CloMy ow o 10H, o dw
x5 oz "M YT 5 e =Ho 5
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Thus, the components of J are given by

aw
Jk= U(Ex = IJOHyE)J ]y — G(Ey + Ko
du

" )

Equation(4) is linearized by inserting H = H, + h_and
H =H, + hy so that H and H, denote change in the basic
magnetic field, H, along the x and y directions respectively.

%)

)

The constitutive relations of generalized thermoelastic solid

H ow
xﬁ)'

av

Jl.=0 (HOH pOHxa + E;

These changes can be obtained using Eq.(4) as

— _y. (%% _ou, ow Gl
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are given by
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where,

1 du dv Jw
€j; zz(uijj +ujji), e = a—v Fr =TT,
The stress tensors are given by

du av dw
Oxx = A+ H)a‘l'la_y'l_lg_ylpr
du av aw

Oyy = 7&&4‘ A+ l.l)a—y‘FAE*YlIJ,

du

ax

adw

— R 0 g 2
Oux = K5, + 5.0 Ou = 2y W=y,

du odv dw dv
i =H(5 +35)r 0w =n(3 + )
Thus, the equations of motion for homogeneous magneto
thermoelastic materials are derived using Eqgs.(1) and (6) as

(c2 — cDuy + (2 + C%)uw + c?u,, + c%(vxx - vyy) + C%Vyx

(cf — cDWag —Gwyy — Gy =y, v (7)
c%(uxx = uyy) +(c? — vy + (3 + c%)vyy + c%uxy + civ,,
(c5 + C%)Wyz - CEIIJY = Vio (8
(W + wyy) + (¢ + 2c)w,, + (¢ + Hu,,

_C%uyz +(c3 + Cg)vyz — iU, = Wy ©)
koysi = (LlJt + Tllj,tt) +vTo (e,t + Te,tt)- (10)

THREE DIMENSIONAL SOLUTION

We assume that the solutions of Egs.(7)-(10) take the
following form

{u,v,w,U}(x,y,2,t) = {0, 7, W, P }(z)e =By~ (19
where a, B are wave numbers along x and y directions

respectively and o is angular frequency.

Using Eq.(11) into the equations of motions (7)-(10), we
have the following set of equations

W K (12)
dz ’
where e
v __ _ —du dv dw dy
=LV wW Y, ——, =, 7, =
v z dz dz dz| "’
0 0 0 0 1 0 ] 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
A= 0 0 0 0 0 0 0 1
~|as1 as: 0 asy O 0 asy 0
A1 Ae2 0 agqy O 0 Ag7 0
0 0 azz 0 azs Aazg 0 ayg
agy dgz 0 daga 0 0 agz 0
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ag; = (¢, — 3 + (1 + c4)p? — k2,

agy = ¢34 (a® — B?) + c5;aB,

asy = L{BC%1 e (‘33%1 = C%OG},
_ 2 2 2\ .2 _ o pn2
agy = afics; — (B* — a)ciy, ags = 1Beyy,
Tow(1 — Twi)c,
gy =—————5 —, 7 — —B(c3; + i
€51
L dwad
73 c2,+2c3,’ 75 c2,+2c3,
4 — —1B(cy +c§1) A — i
s e — b2 Tl e
e +2¢; ° c3; + 2¢2,
TowacZ; (1 — 1tw) TowpcZ; (1 — 1tw)
dg1 = 2 s dg2 = 2 .
€51 €351
= 2
dsg = W0Cyy,
_ 2 2( -2 2 2¢.2
agy = —ki + B*(c3; +c51) —a®(c3; — 1),

Ce1(1 —tw)w

2
Cs51

EIGENVAUE OF MATRIX DIFFERENTIAL
EQUATION

We use eigenvalue approach to solve the differential
equation (10). The characteristic equation of matrix, 4 is
given by

ags = (0% + B%) —1

~ByA® + ByA* — BgA? + B, =0, (13)

where

By = a5y + a1 +a73 + agy + as7375 + a67a76,

B,=a
a

51a62 - aSZHﬁl + aSla73 + af>Za73 + aSla84 54781

82964 T 87385, = A5, 85,8, A5, A;A,0— AgyA,A,0+ Ay, A,

+ 8g,8,855 t Ag,8,585,~ Ag;A,03g, + A;A,,35, — A,435,d )

-a.,a,ta_a

62
+a

84~
A

Ta5,86855 1 A5a5,3,, + 853,85, ~ A5,a,3 a

aSZa6laS4 + aSZa64—aBl + a54361382 + aSla73a84

- a64—a73aBZ - aS7a6la7GaS4— + a57362a75384 57764775782

aS7aG4a76381 + 3513673763 aSZa67a75a84 + a54-367375382

= Ag,35,3,68g, T Ag;A5,3,58g, — Ag,A0,d,,8g, — Ag,a;a,43,,

A5pAg78748g; ~ A5y8g;85,37 + AgyAg,A0,A,0 + Ag,A5,a4,3,0

87a54362a75 + a51a87a62 a78 - aSZ a87a61a78’

a a

6284 ~ “51%4 “g2

~a5,3,535, A,

a - d..a.a..a

84

+ 84

+

a

a.a .d,, —a.a a.a +a

84_ aSl 62773784 51764773782

a61373a82 - a54362373381'

—-a.a. aa

52761773784 ag,a

52764773 aSl + a54
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The roots of characteristic equation, 1, *4,, *A, and 1, are

eigenvalue of matrix A. Thus, the full form of displacement
components and temperature field in three dimensions are given by

(o, v,w,§) =¥ . (1,b,,d,, f,) A ellex+By-ete—taz (14)

where b, d and f are coupling constants and their expression
are given below

S R P
b, =", d,=-%, f=-—"
"Qa " Qn "Qa

B, = (cZ,2g:Ep — €£126725207) (367 Dny — 25203)
—(Ancd;a3ag; — Qshnaey) (ProagyA3 + Enasy),

Qn = —An{(as4267An + €51252) (B cEia5; — c21ag:0 a67)
+ (cf135; — Fragr ) (PpagA; + Ejag,)}

1
R, = —{Piln(—ciias; +agagy) + Qu(agsDpdy + a522,q5)}
o

g
ap = Pipagy + Epac,,
S = é{Plzlan —2gaPy — DyQn},
E, = g3 + (c3; +2¢3)A, — (cF; + 3 )aky,
qs = —1Bc3y,
D, = agy + A, (A —1c1B), Pyp = 1a(cy —c3y),
g3 = ki — (& +B?), q4 = Towacy,.

Table 2: Values of the Parameters.

BOUNDARY CONDITIONS

The boundary surface at z = 0 is subjected to a time
dependent thermal shock and the conditions are given by

VY(xy,0,8) = F®H(a — [xD (b — lyD. (15)
0,2(x,y,0,8) + 0, (x,y,0,t) =0, (16)
0y,(x,y,0,t) + 0,,(x,y,0,t) =0, (17)
0xz(%,y,0,1) +0,,(x,y,0,t) =0, (18)

where H denotes Heaviside’s function and E(t) = eﬂe—ﬁt
taking 6, as a constant.

Inserting the values of oy, Eii and vy into Egs.(13)-(16), we
get the following matrix equation

bA =c,

where

by = f;, by = A(a+biB) — A+ 1)d;A — vy
+ H3{(b; — (B — a) — 2d;A,},
bz = djif — Ajb;, by = —A; + dj,

T
o= [eoe(—(d+m)t+t(ax+6y)), 0,0,0] ,A=[A;, A A, A,l"

Parameters Values Units Parameters Values Units

k, 386 NK's™! a, 1.78 x 107 K
C, 383.1 m?K's2 p 8954 Kgm-
u 3.86 x 101° Nm™ A 7.76 x 10%° Nms-1
H, 4n x 1077 Nms?C™? H, 10° Cm's™
T 0.02 T, 293 K
0, 10 8 0.1
b 1 y 2
o 1.2 1.4
t 1

NUMERICAL DISCUSSION

We have developed a Matlab program for (u, v, W, W) relevant values of parameters for the generalized

and stress components. The effect of H  and t on the
propagation of waves have been examined. The following
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thermoelastic solid are considered Ezzat and Youssef (2005)
in Table 2.
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Fig. 1: Variation of u for Different Values of (a) H, and (b) 1.
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Fig. 2: Variation of v for Different Values of (a) H, and (b) t.
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Fig. 3: Variation of w for Different Values of (a) H, and (b) .
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Fig. 4: Variation of y for Different Values of (a) H, and (b) 1.
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Fig. 5: Variation of c  for Different Values of (a) H, and (b) t.
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Fig. 6: Variation of o, of Different Values of (a) H, and (b) .
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Fig. 7: Variation of 5, of Different Values of (a) H,and (b) t.

Figures 1 to 4 represent the variation of the displacement
components and temperature field with z for different values of
H, and t. We have seen a very interesting and beautiful effects of
initial magnetic field and relaxation time on u, v, w. In Figure 1,
the displacement component u begins from certain point which
decreases with the enhancement of z upto z = 0.29 and then it
increases and decreases with the increase of z. We have seen
the effect of H, is smaller than t. It is also clearly observed that
the values of u decrease with the increase of H; and t. Figure 2
shows that values of v increase upto z = 2.67 and then decrease
with the increase of z. It is observed that the values of v decrease
with the increase of H and 1. Figure 3 shows similar nature of
w with u. The variation of y with are shown in Figure 4 which
is similar with the nature of v. The variation of 6 and ¢ with
z are shown in Figures 5 and 6 respectively. It is observed
that both these tensors increase with the increase of z at
different values of H and t. The values of these tensors
increase with the increase of Hjand t. Similar natures of
c,,with are observed in Figure 7. Thus, we have seen that
all the effects of H and 7 to the displacement and stress are
very small near origin.

CONCLUSION

We have analyzed the 3D problem of wave propagation in
generalized magneto thermoelastic medium. The effects of H
and t on displacement, stress tensors and temperature field are
depicted graphically. We can conclude the following points:
(i) The effect t on the displacement and stress is very
small near origin. The effect of H, on the components of
displacement and temperature field is also very small

(ii) Thevaluesof c_and o,, increase with the increase of z.

(iii) The values of ¢, and o,, increase with the increase
ofand Hand .
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(iv) Similar natures are observed for u,wand o,

(v) Similar natures are observed for v and .
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